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o 



Abstract. We show that affine cones over smooth cubic surfaces do not admit non-trivial 
actions. 



o 

■ Throughout this article, we assume that all considered varieties are algebraic and defined over 
5h ! an algebraically closed field of characteristic 0. 

1. Introduction 

One of the motivations for the present article originates from the articles of H. A. Schwartz 
( [34| ) and G. H. Halphen ( [T7]) in the middle of 19th century, where they studied polyno- 
mial solutions of Brieskorn-Pham polynomial equations in three variables after L. Euler (1756), 

■ J. Liouville (1879) and so fourth ( |12j). Meanwhile, since the middle of 20th century the study 
\ of rational singularities has witnessed great development ( [2], [5], [26]). These two topics, one 

classic and the other modern, encounter each other in contemporary mathematics. For instance, 
there is a strong connection between the existence of a rational curve on a normal affine surface, 
i.e., a polynomial solution to algebraic equations, and rational singularities ( |15|). 

As an additive analogue of toric geometry, unipotent group actions, specially G a -actions, on 
varieties are very attractive objects to study. Indeed, G a -actions have been investigated for 
their own sake ( [3], [18], [29], [35], [10]). We also observe that G a -actions appear in the study 
of rational singularities. In particular, the article [15] shows that a Brieskorn-Pham surface 
singularity is a cyclic quotient singularity if and only if the surface admits a non-trivial regular 
G a -action. Considering its 3-dimensional analogue, H. Flenner and M. Zaidenberg in 2003 
proposed the following question ( |15} Question 2.22]): 



Does the affine Fermat cubic threefold + y 3 + z 3 + w 3 = in A 4 admit a 
non-trivial regular G a -action? 



Even though it is simple-looking, this problem stands open for 10 years. It turns out that this 
problem is purely geometric and can be considered in a much wider setting ( [19], [20], [21] . 
[22], [HI]). 

To see the problem from a wider view point, we let A be a smooth projective variety with 
a polarisation H, where H is an ample divisor on A. The generalized cone over (X,H) is the 
affine variety defined by 

X = Spec ( H° (A, Ox (nH)) J . 

Remark 1.1. The affine variety A is the usual cone over A embedded in a projective space by the 
linear system \H\ provided that H is very ample and the image of the variety A is projectively 
normal. 

Let Sd be a smooth del Pezzo surface of degree d and let be the generalized cone over 
(Sd, —Ks d )- For 3 ^ d ^ 9, the anticanonical divisor —K$ d is very ample and the generalized 
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cone Sd is the affine cone in A d+1 over the smooth variety anticanonically embedded in P . 
In particular, for d = 3, the cubic surface S3 is defined by an cubic homogenous polynomial 
equation F(x,y,z,w) = in P 3 , and hence the cone S3 is the affine hypersurface in A 4 defined 
by the equation F(x, y, z, w) = 0. For d = 2, the generalized cone S2 is the affine cone in 
A 4 over the smooth hypersurface in the weighted projective space P(l,l,l,2) defined by a 
quasihomogeneous polynomial of degree 4. For d = 1, the cone Si is the affine cone in A 4 over the 
smooth hypersurface in the weighted projective space P(l, 1, 2, 3) defined by a quasihomogeneous 
polynomial of degree 6 ( [161 Theorem 4.4]). 

It is natural to ask whether the affine variety Sd admits a non-trivial G a -action. The problem 
at the beginning is just a special case of this. 

T. Kishimoto, Yu. Prokhorov and M. Zaidenberg have been studying this generalised problem 
and proved the following: 

Theorem 1.2. If 4 ^ d ^ 9, then the generalized cone Sd admits an effective G a -action. 

Proof. See [HI Theorem 3.19]. □ 

Theorem 1.3. If d ^ 2, then the generalized cone Sd does not admit a non-trivial G a -action. 

Proof. See [221 Theorem 1.1]. □ 

Their proofs make good use of a geometric property called cylindricity, which is worthwhile 
to be studied for its own sake. 

Definition 1.4 ( |19j). Let M be a Q-divisor on X. An Af -polar cylinder in X is an open 
subset 

U = X\ Supp(£>) 

defined by an effective Q-divisor D on X with D ~q M such that U is isomorphic to Z x A 1 
for some affine variety Z. 

They show that the existence of an i?-polar cylinder on X is equivalent to the existence of a 
non-trivial G a -action on the generalized cone over (X, H) . 

Lemma 1.5. Suppose that the cone X is normal. Then the cone X admits an effective G a -action 
if and only if X contains an i?-polar cylinder. 

Proof. See [2TJ Corollary 2.12]. □ 

Remark 1.6. If X is a rational surface, then there always exists an ample Cartier divisor H on 
X such that X is normal and X contains an iif-polar cylinder (see [19^ Proposition 3.13]), which 
implies, in particular, that X admits an effective G a -action. 

Indeed, what T. Kishimoto, Yu. Prokhorov and M. Zaidenberg proved for their two theorems 
is that the del Pezzo surface Sd has a (— Ks d )-polar cylinder if 4 ^ d ^ 9 but no {—K$ d )-polar 
cylinder if d ^ 2. 

The main result of the present article is 

Theorem 1.7. A smooth cubic surface S3 in P 3 does not contain any (— AT5 3 )-polar cylinders. 

Together with Theorems 11.21 and 11.31 this makes us reach the following conclusion. 

Corollary 1.8. Let Sd be a smooth del Pezzo surface of degree d. Then Sd admits a non-trivial 
regular G a -action if and only if d ^ 4. 

In particular, we here present a long-expected answer to the question raised by H. Flenner 
and M. Zaidenberg. 
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Corollary 1.9. The affine Fermat cubic threefold x 3 + y 3 + z 3 + w 3 = in A does not admit 
a non-trivial regular G a -action. 

In order to show the non-existence of a (— i^s , 3 )-polar cylinder on a cubic del Pezzo surface 
S3, we apply the following statement. 

Lemma 1.10. Let Sd be a smooth del Pezzo surface of degree d ^ 4. Suppose that Sd contains 
a (—K$ d Vpolar cylinder, i.e., there is an open affine subset U C Sd and an effective anticanonical 
Q-divisoiQ D such that U = S d \ Supp(L>) and U = Z x A 1 for some smooth rational affine curve 
Z. Then there exists a point P on Sd such that 

• the log pair (Sd, D) is not log canonical at the point P; 

• if there exists a unique divisor T in the anticanonical linear system | — K$ d | such that the 
log pair (Sd, T) is not log canonical at the point P, then there is an effective anticanonical 
Q-divisor D' on the surface Sd such that 

— the log pair (Sd, D 1 ) is not log canonical at the point P; 

— the support of D' does not contain at least one irreducible component of the support 
of the divisor T. 

Proof. This follows from |19[ Lemma 4.11] and the proof of [191 Lemma 4.14] (cf. the proof 
of [221 Lemma 5.3]). Since the proof is presented implicitly and dispersedly in [19], for the 
convenience of the reader, we give a detailed proof in Appendix [A} □ 

Applying Lemma 12.21 we easily obtain 

Corollary 1.11. Let S3 be a smooth del Pezzo surface of degree 3. Suppose that £3 contains 
a (— i^5 3 )-polar cylinder. Then there is an effective anticanonical Q-divisor D on S3 such that 

• the pair (S^,D) is not log canonical at some point P on S3; 

• the support of D does not contain at least one irreducible component of the tangent 
hyperplane section Tp of S3 at the point P. 

The lemma above may be one example that shows how important it is to study singularities 
of effective anticanonical Q-divisors on Fano manifolds. In addition, it shows that the prob- 
lem proposed at the beginning is strongly related to the log canonical thresholds of effective 
anticanonical Q-divisors on del Pezzo surfaces. 

In this article, we prove the following 

Theorem 1.12. Let Sd be a smooth del Pezzo surface of degree d ^ 3 and let D be an effective 
anticanonical Q-divisor on Sd- Suppose that the log pair (Sd, D) is not log canonical at a point 
P. Then there exists a unique divisor T in the anticanonical linear system | — K$ d | such that 
the log pair (Sd,T) is not log canonical at the point P. Moreover, the support of D contains all 
the irreducible components of Supp(T). 

Corollary 1.13. Let S3 be a smooth cubic surface in P 3 and let D be an effective anticanonical 
Q-divisor on S3. Suppose that the log pair (S^,D) is not log canonical at a point P. Then for 
the tangent hyperplane section Tp at the point P, the log pair (S$,Tp) is not log canonical at 
P and Supp(D) contains all the irreducible components of Supp(Tp). 

Note that Corollary 1 1 . 131 contradicts the conclusion of Corollary [TTTTJ It simply means that the 
hypothesis of Corollary 11.111 fails to be true. This shows that Theorem 11.121 implies Theorem 1 1.71 
Moreover, we see that Theorem 11.121 recovers Theorem 11.31 through Lemma ll.101 as well. 



An anticanonical Q-divisor on a variety X is a Q-divisor Q-linearly equivalent to an anticanonical divisor of X, 
meanwhile, an effective anticanonical divisor on X is a member of the anticanonical linear system | — Kx\- 
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Remark 1.14. The condition d ^ 3 is crucial in Theorem 11.121 Indeed, if d ^ 4, then the 
assertion of Theorem 11.121 is no longer true (cf. the proof of |191 Theorem 3.19]). For example, 
consider the case when d = 4. There exists a birational morphism /: S4 — >• P 2 such that / is 
the blow up of P 2 at five points that lie on a unique irreducible conic. Denote this conic by 
C. Let C be the proper transform of the conic C on the surface S4 and let E±, . . . ,£5 be the 
exceptional divisors of the morphism /. Put 

D = -C + Y-Ei. 

i=l 

It is an effective anticanonical Q-divisor on £4 and the log pair (S^,D) is not log canonical at 
any point P on C. Moreover, for any T € | — Kg A \, its support cannot be contained in the 
support of the divisor D. 

To our surprise, Theorem 1 1 . 1 2 1 has other applications that are interesting for their own sake. 
From here to the end of this section, let X be a projective variety with at worst Kawamata 
log terminal singularities and let H be an ample divisor on X. 

Definition 1.15. The a-invariant of the log pair (X, H) is the number defined by 

the log pair (X, \D) is log canonical for every 



a (X, H) = sup <^ A € 



effective Q-divisor D on X with D ~o H. 



The invariant a (A, H) has been studied intensively by many people who used different no- 
tations for a(X,H) ( [T], [6], [14], [H § 3.4] [TQl Definition 3.1.1], pH Appendix A], pi Ap- 
pendix 2]). The notation a(X,H) is due to G. Tian who defined a(X,H) in a different way 
( \38\ Appendix 2]). However, both the definitions coincide by [11^ Theorem A. 3]. In the case 
when A is a Fano variety, the invariant a(X, —Kx) is known as the famous a-invariant of Tian 
and it is denoted simply by a(X). The a-invariant of Tian plays a very important role in Kahler 
geometry due to the following. 

Theorem 1.16 ( [13], [30], [36]). Let A be a Fano variety of dimension n with at worst quotient 
singularities. If a(X) > ^xj, then X admits an orbifold Kahler-Einstein metric. 

The exact values of the a-invariants of smooth del Pezzo surfaces, as below, have been obtained 
in Theorem 1.7]. Those of del Pezzo surfaces defined over a field of positive characteristic 
are presented in [28^ Theorem 1.6] and those of del Pezzo surface with du Val singularities in [8] 
and 



Theorem 1.17. Let Sd be a smooth del Pezzo surface of degree d. Then 

' 1/3 if d = 9,7 or S 8 = F i; 
a (S d ) = I 1/2 if d = 6, 5 or S 8 = P 1 x P 1 ; 
2/3 if d = 4; 

2/3 if S3 is a cubic surface in P 3 with an Eckardt point; 
3/4 if 53 is a cubic surface in P 3 without Eckardt points; 
3/4 if I — K$ 2 \ has a tacnodal curve; 
5/6 if I — Kg 2 \ has no tacnodal curves; 

5/6 if I — K$ ± \ has a cuspidal curve; 
1 if I — Ks 1 1 has no cuspidal curves. 



a(S 3 ) 
a(S 2 ) 
a(5i) 
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Remark 1.18. Theorem 11.121 also provides the exact values of the a-invariants for smooth del 
Pezzo surfaces of degrees ^ 3. We here show how to extract the values from Theorem 11.121 
Let \x be the value in Theorem 11.171 for the a-invariant of Sd- From |32^ Proposition 3.2] we 
can easily obtain an effective anticanonical divisor C on the surface Sd such that (Sd, /j,C) is log 
canonical but not Kawamata log terminal. This gives us a(Sd) ^ /U. 

Suppose that at(Sd) < fi. Then there are an effective anticanonical Q-divisor D and a positive 
rational number A < fi such that (Sd, XD) is not log canonical at some point P on Sd- Since 
A < 1, the log pair (Sd,D) is not log canonical at the point P either. By Theorem II. 12\ there 
exists a divisor T 6 | — K$ d \ such that (Sd,T) is not log canonical at P. In addition, Supp(-D) 
contains all the irreducible components of Supp(T). 

The log pair (Sd, AT) is log canonical ( [32j Proposition 3.2]). Put D e = (1 + e)D — eT for 
every non- negative rational number e. Then Dq = D and D t is effective for < e < 1 because 
Supp(-D) contains all the irreducible components of Supp(T). Choose the biggest e such that D e 
is still effective. Then Supp(D e ) does not contain at least one irreducible component of Supp(T). 

Since (Sd,XT) is log canonical at P and (Sd,XD) is not log canonical at P, the log pair 
(Sd,XD e ) is not log canonical at P either (see Lemma |2~2|) . In particular, the log pair (Sd,D e ) 
is not log canonical at P. However, this contradicts Theorem 11.121 since D t is an effective 
anticanonical Q-divisor. Therefore, a(Sd) = [i- 

Corollary 1.19. Let Sd be a smooth del Pezzo surface of degree d ^ 3. If d = 3, suppose, in 
addition, that S3 does not contain an Eckardt point. Then Sd admits a Kahler-Einstein metric. 

The problem on the existence of Kahler-Einstein metrics on smooth del Pezzo surfaces is 
completely solved by G. Tian and S.-T. Yau in [37] and [39]. In particular, Corollary 11.191 
follows from |371 Main Theorem]. 

The invariant a(X, H) has a global nature. It measures the singularities of effective Q-divisors 
on X in a fixed Q- linear equivalence class. F. Ambro suggested in [I] a function that encodes 
the local behavior of a(X,H). 

Definition 1.20 ( [JJ). The a-function a^ of the log pair (X,H) is a function on X into real 
numbers defined as follows: for a given point P£l, 

H ( the log pair (X, XD) is log canonical at the point P £ X ~) 

x ^ ^ ^ \ ^ ^ for every effective Q-divisor D on X with D ~q H. J 

Lemma 1.21. The identity a(X,H) = inf p e xa^(P) holds. 

Proof. It is easy to check. □ 

In the case when X is a Fano variety, we denote the a-function of the log pair (X, —Kx) 
simply by ax- 

Example 1.22. One can easily see that apn(P) ^ -—^ for every point P on P n . This implies 
that the a-function apn is the constant function with the value ^j-j- since a(P n ) = ^pp 

Example 1.23. It is easy to see api x pi(-P) ^ ^ for every point P on P 1 xP 1 . Since a(P 1 x 
P 1 ) = ^ by Theorem 11.171 the a-function api x pi is the constant function with the value \ by 
Lemma [1.211 Moreover, if X is a Fano variety with at most Kawamata log terminal singularities, 
then the proof of [111 Lemma 2.21] shows that 



for every point P on X x P , where pr x : X x P 1 — > X is the projection on the first factor. 
Using the similar argument in the proof of [111 Lemma 2.29], one can show that the a-function 
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of a product of Fano varieties with at most Gorenstein canonical singularities is the point-wise 
minimum of the pull-backs of the a-functions on the factors. 

As shown in Remark 11.181 the following can be obtained from Theorem 11.121 in a similar 
manner. 

Corollary 1.24. Let Sd be a smooth del Pezzo surface of degree d ^ 3. Then the a-function 
of Sd is as follows: 

'2/3 if the point P is an Eckardt point; 

3/4 if the tangent hyperplane section at P has a tacnode at the point P; 

5/6 if the tangent hyperplane section at P has a cusp at the point P; 

1 otherwise; 

3/4 if there is an effective anticanonical divisor with a tacnode at the point P; 
as 2 (P) = I 5/6 if there is an effective anticanonical divisor with a cusp at the point P; 
1 otherwise; 

C 5/6 if there is an effective anticanonical divisor with a cusp at the point P; 
\ 1 otherwise. 



<* Sl (P) 



By Lemma [1.21l Corollary 11.241 implies that Theorem 1 1 . 1 71 holds for smooth del Pezzo surfaces 
of degrees at most 3. Thus, it is quite natural that we should extend Corollary 1 1.241 to all smooth 
del Pezzo surfaces in order to obtain a functional generalisation of Theorem 11.171 This will be 
done in Section [U where we prove 

Theorem 1.25. Let Sd be a smooth del Pezzo surface of degree d 4. Then the a-function of 
Sd is as follows: 



a p2 (P) 
a Fl (P) 

a ST (P) 
«S 4 (P) 



1/3; 
1/3; 



a P i xP i(P) = 1/2; 

1/3 if the point P lies on the — 1-curve that intersects two other — 1-curves; 
1 /2 otherwise; 



1/2; 



1/2 if there is —1-curve passing through the point P; 
2/3 if there is no —1-curve passing though the point P; 
if P is on a —1-curve; 

if there is an effective anticanonical divisor that consists of 
two 0-curves intersecting tangentially at the point P; 
k 5/6 otherwise. 



( 2 /3 

3/4 



Let us describe the structure of this article. In Section [21 we describe the results that will be 
used in the proofs of Theorems 11.121 and 11.251 We also prove Theorem 11.121 for a smooth del 
Pezzo surface of degree 1 (see Lemma 12. 3p . In Section [3l we prove two results about singular 
del Pezzo surfaces of degree 2 that will be used in the proofs of Theorems 11.121 and 11.251 In 
addition, we verify Theorem 1 1 . 1 2 1 for a smooth del Pezzo surface of degree 2 (see Lemma [33]). 
In Section HJ we prove Theorem 11.121 omitting the proof of Lemma 14.81 that plays a crucial role 
in the proof of Theorem 11.121 In Section [5] we prove Lemma 14.81 In Section [U Theorem 11.251 is 
shown. In Appendix IA"1 we prove Lemma 1 1.101 
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2. Preliminaries 

This section presents simple but essential tools for the article. Most of the described results 
here are well-known and valid in much more general settings (cf. [23], |24j and |25j). 

Let S be a projective surface with at most du Val singularities, let P be a smooth point of 
the surface S and let D be an effective Q-divisor on S. 

Lemma 2.1. If the log pair (S,D) is not log canonical at the point P, then multp(-D) > 1. 

Proof. This is a well-known fact. See \25\ Proposition 9.5.13], for instance. □ 

Write D = X^[=i a i^' where ZVs are distinct prime divisors on the surface S and Oj's are 
positive rational numbers. 

Lemma 2.2. Let T be an effective Q-divisor on S such that 

• T ~ Q D but T / D; 

• T = ^2l—i b{Di for some non-negative rational numbers b\,...,b r . 
For every non-negative rational number e, put D e = (1 + e)D — eT. Then 

(1) D e ~q D for every e > 0; 

(2) the set {e € Q>o | D e is effective.} attains the maximum \x\ 

(3) the support of the divisor does not contain at least one component of Supp(T); 

(4) if (S,T) is log canonical at P but (S,D) is not log canonical at P, then (S,D^) is not 
log canonical at P. 

Proof. The first assertion is obvious. For the rest we put 



max 



a; 



1. 



For some index k we have c = — 

Q-fc 



Suppose that c ^ 1. Then aj ^ 6j for every i It means that the divisor D — T = Xli=i( a i ~~ 
bi)Di is effective. However, it is impossible since D — T is non-zero and numerically trivial on a 
projective surface. Thus, c > 1, and hence bk > a^. 

Put u = -iy. Then a = r-^s- > and 



Ofc - a*: h-a k f-' 6 fc - a fc 

where fr^a, — a^fti ^ by the choice of fc. In particular, the divisor is effective and its 
support does not contain the curve Moreover, for every positive rational number e, D e = 
Y7i=ii a i + ea i ~ tbi)Di. If e > fM, then 

e{bk ~ ajfc) > Ai(& fc - o fc ) = t — - — (6 fc - o fc ) = o fc , 

and hence D e is not effective. This proves the second and the third assertions. 

If both (S,T) and (S, D^) are log canonical at P, then (S,D) must be log canonical at P 
because D = jf^T + j^D^ and ^ + ^ = 1. □ 

Despite its naive appearance, Lemma 12.21 is a very handy tool. To illustrate this, we here 
verify Theorem 11.121 for a del Pezzo surface of degree 1. This simple case also immediately 
follows from the proof of Lemma 3.1] or from the proof of [221 Proposition 5.1]. 

Lemma 2.3. Suppose that S is a smooth del Pezzo surface of degree 1 and D is an effective 
anticanonical Q-divisor on S. If the log pair (5, D) is not log canonical at the point P, then 
there exists a unique divisor T € | — Kg\ such that (S,T) is not log canonical at P. Moreover, 
the support of D contains all the irreducible components of T. 
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Proof. Let T be a curve in | — Ks\ that passes through the point P. Note that T is irreducible. 
If the log pair (S, T) is log canonical at P, then it follows from Lemma 12.21 that there exists 
an effective anticanonical Q-divisor D' on the surface S such that the log pair (S, D') is not 
log canonical at P and Supp(D') does not contain the curve T. We then obtain 1 = T • D' ^ 
multp(-D'). This is impossible by Lemma I2.1L Thus, the log pair (S,T) is not log canonical at 
the point P. 

Moreover, the divisor T is singular at the point P. Therefore, the point P is not the base 
point of the pencil | — Ks\- Consequently, such a divisor T is unique. 

If the curve T is not contained in Supp(-D), then 1 = T ■ D ^ multp(-D). Therefore, the curve 
T must be contained in Supp(-D) by Lemma 12. 11 □ 

The following is a ready-made Adjunction for our situation. See [241 Theorem 5.50] for a 
more general version. 

Lemma 2.4. Suppose that the log pair (S, D) is not log canonical at P. If a component Dj 
with aj ^ 1 is smooth at the point P, then 

Dj ■ lj2 a i°i > Yl a * mnlt P ( d j • A) > I- 

Proof. See [28} Lemma 2.5] for a characteristic- free proof in dimension 2. □ 

Let / : S —¥ S be the blow up of the surface S at the point P with the exceptional divisor E 
and let D be the proper transform of D by the blow up /. Then 

Kg + D + (multp(D) — l)E = f* (K 3 + D) . 

The log pair (S, D) is log canonical at the point P if and only if the log pair (S, D + (multp(f ) — 
1)E) is log canonical along the curve E. 

Remark 2.5. If the log pair (S,D) is not log canonical at P, then there exists a point Q on E 
at which the log pair (S, D + (multp(D) — l)E) is not log canonical. Lemma l2.1l then implies 

multp(-D) + multg(i)) > 2. 

If multp(-D) ^ 2, then the log pair (S,D + (multp(D) — l)^) is log canonical at every point of 
the curve E other than the point Q. Indeed, if the log pair (5, D + (multp(D) — l)E) is not log 
canonical at another point O on E, then Lemma 12.41 generates an absurd inequality 

2 multp(-D) = D-E^ mult Q (Z)) + mult (-D) > 2. 

3. Del Pezzo surfaces of degree 2 

Let S be a del Pezzo surface of degree 2 with at most two ordinary double points. Then the 
linear system | — Kg\ is free from base points and induces a double cover 7r: S — > P 2 ramified 
along a reduced quartic curve R C IP 2 . Moreover, the curve R has at most two ordinary double 
points. In particular, the quartic curve R is irreducible. 

Lemma 3.1. For an effective anticanonical Q-divisor D on S, the log pair (S, D) is log canonical 
outside finitely many points on S. 

Proof. Suppose it is not true. Then we may write D = miC\ + f2, where C\ is an irreducible 
reduced curve, m\ is a positive rational number strictly bigger than 1 and ft is an effective 
Q-divisor whose support does not contain the curve C\. Since 

2 = -K s ■ D = -K s ■ (miCi + fi) = -rrnKg ■ C\ - Ks ■ ^ - mi K s ■ C x > -K s ■ C u 
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we have —Ks • C\ = 1. Then vr(Ci) is a line in P 2 . Thus, there exists an irreducible reduced 
curve C2 on S such that C\ + C2 ~ —Ks and 7r(Ci) = vr(C2). Note that Ci = C2 if and 
only if the line vr(Ci) is an irreducible component of the branch curve R. Since the curve R is 
irreducible, this is not the case. Thus, we have C\ 7^ C2. 

Note that Cf = Cf because C\ and C2 are interchanged by the biregular involution of S 
induced by the double cover n. Thus, we have 

2 = (Ci + C7 2 ) 2 = 2Q 2 + 2C • C 2 , 

which implies that C\ ■ C 2 = 1 — (7 2 . Since Ci and C2 are smooth rational curves, we can easily 
obtain C\ = Cf = — 1 + § , where is the number of singular points of S that lie on the curve 
Ci. 

Now we write L> = m\C\ + rri2C2 + T, where 7712 is a non-negative rational number and Y is 
an effective Q-divisor whose support contains neither the curve C\ nor the curve C 2 . Then 

1 = Crirmd + m 2 C 2 + Y) = miC?+m 2 Ci-C 2 +C r r ^ mi Cf +m 2 C v C 2 = m 1 Cf+m 2 (l-Cf), 

and hence 1 ^ miCf + m2{l — Cf). Similarly, fromC2--D = 1, we obtain 1 ^ m2Cf + mi(l — Cf). 
The obtained two inequalities imply that m\ ^ 1 and m-2 ^ 1 since Cf = -1 + |, jfc = 0,1,2. 
Since mi > 1 by assumption, it is a contradiction. □ 

The following two lemmas can be verified in a similar way as that of Lemma 3.5]. Never- 
theless we present their proofs for reader's convenience. 

Lemma 3.2. For an effective anticanonical Q-divisor D on S, the log pair (S, D) is log canonical 
at every point outside the ramification divisor of the double cover tt. 

Proof. Suppose that (S, D) is not log canonical at a point P whose image by ir lies outside R. 

Let H be a general curve in | — K$\ that passes through the point P. Since tt(P) ^ R, the 
surface S is smooth at the point P. Then 

2 = H ■ multp(F)multp(£>) ^ multp(D), 

and hence multp(-D) ^ 2. 

Let / : S — > S be the blow up of the surface S at the point P. We have 

K s + D + (multpGD) - 1) E = f* (K s + D) , 

where D is the proper transform of the divisor D on the surface S and E is the exceptional 
curve of the blow up /. Then the log pair (S,D + (multp(D) — 1) E) is not log canonical at 
some point Q on E but log canonical at every point of E other than the point Q by Remark 12.51 
In addition, we have 

(3.3) multp(.D) + multQ(I)) > 2. 

Since ir(P) R, there exists a unique reduced but possibly reducible curve C G | — Kx\ 
such that the curve C passes through the point P and its proper transform C by the blow up 
/ passes through the point Q. Note that the curve C is smooth at the point P. Since (S, C) is 
log canonical at the point P, Lemma 12.21 enables us to assume that the support of D does not 
contain at least one irreducible component of the curve C. 

If the curve C is irreducible, then 

2 - multp(D) = 2 - multp(C)multp(Z?) = C ■ D ^ mult Q (C')multQ( J D) = multg(JD). 

This contradicts (|3.3p . Thus, the curve C must be reducible. 

We may then write C = C1 + C2, where C\ and C2 are irreducible smooth curves that intersect 
at two points. Without loss of generality we may assume that the curve C\ is not contained in 
the support of D. The point P must belong to C2: otherwise we would have 

1 = D ■ d ^ multp(D) > 1. 
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We put D = nCi + f2, where n is a non-negative rational number and is an effective Q-divisor 
whose support does not contain the curve Ci- Then 

1 = Ci ■ D = (2 - -k)n + Ci ■ n ^ (2 - -k)n, 

where k is the number of singular points of 5 on Ci. On the other hand, the log pair (S, nC2 + 
£1 + (multp(D) — 1)E) is not log canonical at the point Q, where C2 and are the proper 
transforms of C2 and £1, respectively, on the surface S, and we have n ^ 1 by Lemma 13.11 We 
then obtain 

(2 - -k)n = C 2 -(n + (multp(D) - 1)E) > 1 

from Lemma l2.4i This is a contradiction. □ 

Lemma 3.4. For a smooth point P of 5 with 7r(P) € R, let Tp be the unique divisor in | — Kg\ 
that is singular at the point P. If the log pair (S, Tp) is log canonical at P, then for an effective 
anticanonical Q-divisor D on S the log pair (S, D) is log canonical at the point P. 

Proof. Suppose that (S,D) is not log canonical at the point P. Applying Lemma [2T21 to the log 
pairs (S,D) and (S,Tp), we may assume that Supp(L>) does not contain at least one irreducible 
component of the curve Tp. Thus, if the divisor Tp is irreducible, then Lemma 12.11 gives an 
absurd inequality 

2 = T P ■ D ^ multp(r P )multp(Z)) ^ 2multp(D) > 2 

since Tp is singular at the point P. Hence, Tp must be reducible. 

We may then write Tp = T\ + T2, where T\ and T2 are smooth rational curves. Note that 
the point P is one of the intersection points of T\ and T2. Without loss of generality, we may 
assume that the curve T\ is not contained in the support of D. Then 

1 = Ti • D > multp(Ti)multp(£>) = multp(D) > 1 

by Lemma l2.1i The obtained contradiction completes the proof. □ 

Lemmas 13.21 and 13.41 prove the following result. 

Lemma 3.5. Suppose that the del Pezzo surface S is smooth. Let D be an effective anticanonical 
Q-divisor on S. Suppose that the log pair (S, D) is not log canonical at a point P. Then there 
exists a unique divisor T £ | — K$\ such that (S,T) is not log canonical at P. The support of 
the divisor D contains all the irreducible components of T. In case, the divisor T is either an 
irreducible rational curve with a cusp at P or a union of two — 1-curves meeting tangentially at 
the point P. 

Proof. By Lemma [3. 21 the point ir(P) must lie on R. Then there exists a unique curve T E | — Ks\ 
that is singular at the point P. By Lemma 13.41 the log pair (S,T) is not log canonical at P. 

Suppose that the support of D does not contain an irreducible component of T. Then the 
proof of Lemma 13.41 works verbatim to derive a contradiction. 

The last assertion immediately follows from [321 Proposition 3.2]. □ 

Consequently, Lemma 13.51 shows that Theorem 11.121 holds for a smooth del Pezzo surface of 
degree 2. 

4. Cubic surfaces 

In the present section we prove Theorem 11.121 Lemma 12.31 and Lemma 13.51 show that The- 
orem [LT2] holds for del Pezzo surfaces of degrees 1 and 2, respectively. Thus, to complete the 
proof, let S be a smooth cubic surface in P 3 and let D be an effective anticanonical Q-divisor of 
the surface S. 
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Lemma 4.1. The log pair (S,D) is log canonical outside finitely many points. 

Proof. Suppose not. Then we may write D = mC + f2, where C is an irreducible curve, m is 
a positive rational number strictly bigger than 1 and Q is an effective Q-divisor whose support 
does not contain the curve C. Then 

3 = -K s ■ {mC + 0) = -mKs ■ C - K s • > -mK s ■ C > -K s ■ C. 

It implies that the curve C is either a line or an irreducible conic. 

Suppose that C is a line. Let Z be a general irreducible conic on S such that Z + C ~ —Ks- 
Since Z is general, it is not contained in the support of D. We then obtain 

2 = Z ■ D = Z ■ (mC + 0) = 2m + Z ■ fi > 2m. 

It contradicts our assumption. 

Suppose that C is an irreducible conic. Then there exists a unique line L on S such that 
L + C ~ —Ks- Write D = mC + nL + T, where n is a non- negative rational number and T is 
an effective Q-divisor whose support contains neither the conic C nor the line L. Then 

1 = L ■ D = L ■ (mC + nL + V) = 2m - n + L ■ T ^ 2m - n. 

On the other hand, 

2 = C ■ D = C ■ (mC + nL + T) = 2n + C ■ V > 2n. 
Combining two inequalities, we obtain 2m ^ 1 + n $J 2. This contradicts our assumption too. □ 

For a point P on 5, let Tp be the tangent hyperplane section of the surface S at the point P. 
This is the unique anticanonical divisor that is singular at the point P. The curve Tp is reduced 
but it may be reducible. 

In order to prove Theorem 11.121 we must show that (S, D) is log canonical at the point P 
provided that one of the following two conditions is satisfied: 

• the log pair (S, Tp) is log canonical at P; 

• the log pair (S,Tp) is not log canonical at P but Supp(L') does not contain at least one 
irreducible component of the curve Tp. 

The log pair (S,Tp) is log canonical at P if and only if the point P is an ordinary double 
point of the curve Tp. Thus, (S, Tp) is log canonical at P if and only if Tp is one of the following 
curves: an irreducible cubic curve with one ordinary double point, a union of three coplanar 
lines that do not intersect at one point, a union of a line and a conic that intersect transversally 
at two points. 

Overall, we must consider the following cases: 

(a) Tp is a union of three lines that intersect at the point P (Eckardt point); 

(b) Tp is a union of a line and a conic that intersect tangentially at the point P; 

(c) Tp is an irreducible cubic curve with a cusp at the point P; 

(d) Tp is an irreducible cubic curve with one ordinary double point; 

(e) Tp is a union of three coplanar lines that do not intersect at one point; 

(f) Tp is a union of a line and a conic that intersect transversally at two points. 

We consider these cases one by one in separate lemmas, i.e., Lemmas 14.31 14.51 14.61 14. 7\ 14.81 and 
14.91 We however present the detailed proof of Lemma [4. 8 1 in Section [5] to improve the readability 
of this section. These lemmas altogether imply Theorem 11.121 

Lemma 4.2. If the support of D does not contain a line passing through the point P, then the 
log pair (S, D) is log canonical at the point P. 

Proof. Let L be a line passing through the point P that is not contained in the support of D. 
Then the inequality 1 = L ■ D ^ multp(L>) implies that the log pair (S,D) is log canonical at 
the point P by Lemma 12. 11 □ 
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Lemma 4.3. Suppose that the tangent hyperplane section Tp consists of three lines intersecting 
at the point P. If the support of D does not contain at least one of the three lines, then the log 
pair (S, D) is log canonical at the point P. 

Proof. It immediately follows from Lemma 14.21 □ 

From now on, let / : S — > S be the blow up of the cubic surface S at the point P. In addition, 
let D be the proper transform of D by the blow up / and E be the exceptional curve of /. We 
then have 

(4.4) K § + D + (multp(D) — l)E = f* (K s + D) . 

Note that the log pair (S, D) is log canonical at the point P if and only if the log pair 

{S,D + (mult P (D) - l)E) 
is log canonical along the exceptional divisor E. 

Lemma 4.5. Suppose that the tangent hyperplane section Tp consists of a line and a conic 
intersecting tangentially at the point P. If the support of D does not contain both of the line 
and the conic, then the log pair (S, D) is log canonical at the point P. 

Proof. Suppose that the log pair (S, D) is not log canonical at the point P. Let L and C be the 
line and the conic, respectively, such that Tp = L + C . By Lemma 14.21 we may assume that the 
conic C is not contained but the line L is contained in the support of D. We write D = nL + Q, 
where n is a positive rational number and is an effective Q-divisor whose support contains 
neither the line L nor the conic C. We have multp(-D) ^ C ■ D = 2. 

We write D = nL + 17, where £1 and L are the proper transforms of the divisor D and the line 
L, respectively, on the surface S. Let C be the proper transform of the conic C on the surface 
S. Note that the three curves L, C and E meet at one point. 

The log pair (S, nL-\-Cl+ (mult p(D)-l)E) is not log canonical at some point Q on E. However, 
it is log canonical at every point on E except the point Q by Remark 12.51 since multp(D) ^ 2. 
We also obtain multp(D) + mult q(D) > 2 from Remark 12.51 This implies that the point Q does 
not belong to C, and hence not to L either. Indeed, if so, then 

2 - multp(D) = C ■ (nL + Qj ^ n + multg(J2) = mult Q (L>). 

This contradicts the inequality from Remark 12.51 

Let g: S — > S be the contraction of the — 2-curve L. Then S is a del Pezzo surface of degree 2 
with one ordinary double point. In particular, the linear system | — K§\ is free from base points 
and induces a double cover ir: S — > P 2 ramified along an irreducible singular quartic curve 
flcP 2 . Note that the point g(L) is the ordinary double point of the surface S. Put Cl = g(Cl), 
E = g(E), C = g(C) and Q = g{Q). Then tt(E) = ir(C) since E + C is an anticanonical divisor 
on S. The point n(Q) lies outside R because the point Q lies outside C. Since the divisor 
0, + (multp(D) — 1)E is Q-linearly equivalent to —Kg by construction, Lemma 13.21 shows that 
the log pair (S, ft + (multp(-D) — l)E) is log canonical at Q. However, it is not log canonical at 
the point Q since g is an isomorphism in a neighborhood of the point Q. It is a contradiction. □ 

Lemma 4.6. Suppose that the tangent hyperplane section Tp is an irreducible cubic curve with 
a cusp at the point P. If the curve Tp is not contained in the support of D, then the log pair 
(S, D) is log canonical at the point P. 

Proof. First, from the inequality 

3 = T P ■ D ^ muhp(Tp)multp(L>) = 2multp(D), 

we obtain multp(D) |. Suppose that {S,D) is not log canonical at P. Then the log pair 
(S,D + (muhp(.D) — l)^) is not log canonical at some point Q on E. However, Remark 12.51 
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shows that it is log canonical at every point on E except the point Q since multp(D) < | . We 
also obtain 

multp(D) + mult Q (£>) > 2 

from Remark 12.51 

The surface S is a smooth del Pezzo surface of degree 2. The linear system | — K§\ induces 
a double cover ir: S — > P 2 ramified along a smooth quartic curve R C F 2 . Let f P be the 
proper transform of the curve Tp on the surface S. Then the integral divisor E + Tp is linearly 
equivalent to and hence tt(E) = n(Tp) is a line in P 2 . Moreover, the curve Tp tangentially 

meet the curve E at a single point. Thus the point ir(Q) lies on R if and only if the point Q is 
the intersection point of E and Tp. 

Applying Lemma 13.21 to the log pair (S,D + (multp(D) — l)^), we see that the point tt(Q) 
belongs to R because the log pair (S, D + (multp(D) — l)E) is not log canonical at the point Q 
and the divisor D + (multp(-D) — 1)E is Q-linearly equivalent to —Kg. The point Q therefore 
lies on the curve Tp. Then 

3 - 2multp(D) = f P -D^ multg(jD) > 2 - mult P (L>). 

This contradicts Lemma 12. 11 □ 

For the remaining three cases, we show that the hypothesis of Theorem II. 121 is never fulfilled, 
so that Theorem 11.121 is true. 

Lemma 4.7. If the tangent hyperplane section Tp is an irreducible cubic curve with a node at 
the point P, then the log pair (S, D) is log canonical at the point P. 

Proof. Suppose that (S, D) is not log canonical at P. The surface S is a smooth del Pezzo surface 
of degree two. Since D + (multp(-D) — 1)E ~q — Ky and the log pair (S, D + (multp(-D) — 1)E) 
is not log canonical at some point Q on E, it follows from Lemma 13.51 that there must be an 
anticanonical divisor H on the surface S such that has either a tacnode or a cusp at the point Q. 

If the divisor H has a tacnode at the point Q, then it consists of the exceptional divisor E 
and another — 1-curve L meeting E tangentially at Q. Then the divisor f{H) is an effective 
anticanonical divisor on S such that it has a cusp at the point P and it is distinct from the 
divisor Tp. This is impossible. 

If the divisor H has a cusp at the point Q, then it must be irreducible. However, it is 
impossible since H is singular at the point Q and E ■ H = 1. □ 

Lemma 4.8. Suppose that the tangent hyperplane section Tp consists of three lines one of 
which does not pass through the point P. Then the log pair (S, D) is log canonical at P. 

Proof. The proof of this lemma is the central and the most beautiful part of the proof of The- 
orem 11.121 Since the proof is a bit lengthy, we present the proof in a separate section. See 
Section [5l □ 

Lemma 4.9. Suppose that the tangent hyperplane section Tp consists of a line and a conic 
intersecting transversally. Then the log pair (S, D) is log canonical at the point P. 

Proof. We write Tp = L + C, where L is a line and C is an irreducible conic that intersect L 
transversally at the point P. Suppose that (S, D) is not log canonical at the point P. 

By Lemmas 12.21 and 14.21 we may assume that the conic C is not contained but the line L is 
contained in the support of D. We write D = nL + 0, where n is a positive rational number 
and is an effective Q-divisor whose support contains neither the line L nor the conic C. 

The log pair (S,D + (multp(-D) — 1)^) is not log canonical at some point Q on E. How- 
ever, Remark 12.51 shows that it is log canonical at every point on E except the point Q since 
multp(D) D ■ C = 2. 
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Let fi, L and C be the proper transforms of the divisor f2, the line L and the conic C by the 
blow up /, respectively. 

Suppose that the point Q does not belong to the — 2-curve L. Let g: S — > S be the contraction 
of the curve L. Then S is a del Pezzo surface of degree 2 with only one ordinary double point 
at the point g(L). In particular, the linear system | — K s \ induces a double cover tt: S P 2 
ramified along an irreducible singular quartic curve ficP 2 . 

Put U = g(p), E = g(E), C = g{C) and Q = g(Q). Then tt(E) = vr(C) since E + C is 
an anticanonical divisor on S. The point tt(Q) lies on R if and only if the point Q lies on C. 
The log pair (S, 0, + (multp(D) — l)E) is not log canonical at Q since g is an isomorphism in a 
neighborhood of the point Q. Since the divisor f2 + (multp(D) — ljE is Q-linearly equivalent 
to — Kg by construction, Lemma 13.21 shows that the point Q belongs to C. 

Note that C + E is the unique curve in | — K s \ that is singular at the point Q. But the log pair 
(S, C + E) is log canonical at the point Q. Hence, it follows from Lemma 13.41 that the log pair 
(S,£l + (multp(D) — 1)E) is log canonical at the point Q. This is a contradiction. Therefore, 
the point Q belongs to the —2-curve L. 

Now we can apply (HJ Theorem 1.28] to the log pair (S , nL + (multp(D) — 1)E+Cl) at the point 
Q to obtain a contradiction immediately. Indeed, it is enough to put M = 1, A = 1, N = 0, 
B = 2, and a = (3 = 1 in [HI Theorem 1.28] and check that all the conditions of [HI Theorem 1.28] 
are satisfied. However, there is a much simpler way to obtain a contradiction. Let us take this 
simpler way. 

There exists another line M on the surface S that intersects L at a point. The line M does 
not intersect the conic C since 1 = Tp ■ M = (L + C) ■ M = L ■ M. In particular, the point P 
does not lie on the line M. Let h: S — > S be the contraction of the proper transform of the line 
M on the surface S. Since M is a — 1-curve and the point P does not lie on the line M, the 
surface S is a smooth cubic surface in P 3 . 

Put n = h(n), E = h(E), L = h(L), C = h(C), P = h(Q) and D = h(D). Then (S,D) is 
not log canonical at the point P since h is an isomorphism in a neighborhood of the point Q. 
On the other hand, the divisor L + C + E is an anticanonical divisor of the surface S. Since the 
point P is the intersection point of L and E and the divisor D is Q-linearly equivalent to —Kg, 
Lemma 14.81 implies that (S,D) is log canonical at the point P. This is a contradiction. □ 

As we already mentioned, Theorem 11.121 follows from Lemmas 14. 3\ I4.5[ 14.61 14. 7| 14.81 and 14.91 
Thus Theorem 11.121 has been proved under the assumption that Lemma 14.81 is valid. This will 
be shown in the following section. 



5. The proof of Lemma 14.81 

To prove Lemma 14.81 we keep the notations used in Section HI We write Tp = L + M + N, 
where L, M, and N are three coplanar lines on S. We may assume that the point P is the 
intersection point of the two lines L and M, while it does not lie on the line N. We also write 
D = a§L + boM + coN + Oo, where ao, fro> an d Co are non-negative rational numbers and J7o 
is an effective Q-divisor on S whose support contains none of the lines L, M and N. Put 
mo = multp(fio)- 

Suppose that the log pair (S, D) is not log canonical at the point P. Let us seek for a 
contradiction. 

By Lemma [4. 11 the log pair (S, D) is log canonical outside finitely many points. In particular, 
we have ^ ao, bo, cq ^ 1. Also, Lemma l2~T1 implies niQ + ao + bo > 1. 

Lemma 5.1. The inequality mo + ao + bo > cq + 1 holds. 
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Proof. Since the log pair (S, aoL + boM is not log canonical at the point P either, it follows 
from Lemma 12.41 that 



1 + a - c = L ■ (D - a L - c iV) = L ■ (b M + Q ) > 1, 

which implies ao > cq. Similarly, bo > cq. 

The log pair (S,L + M + N) is log canonical. Since the log pair (5, clqL + b^M + co-/V + Oo) 
is not log canonical at P, it follows from Lemma 12.21 that the log pair 

s'd--^t p 

1 - c 1 - c 
is not log canonical at the point P. Then Lemma 12 . 1 1 shows 

mu l tp ( — - — D - -2-Tp) = multp ( ^3lL + + — 0, 

VI - c 1 - Co J V 1_c o 1 - Co 1 - Co 

_ Op - Cq bp - Cq THq > ^ 

1 - C 1 - C 1 - Co " 

It verifies mo + ao + bo > Co + 1 . □ 

Since the rational numbers ao, bo, co are at most 1 and the log pair (S,L + M + N) is log 
canonical, the effective Q-divisor flo cannot be the zero-divisor. Let r be the number of the 
irreducible components of the support of the Q-divisor Qq. Then we write 

r 

^0 = ^2 ZiCiO, 
i=l 

where e^'s are positive rational numbers and C^o's are irreducible reduced curves of degrees d^o 
on the surface S. We then see 

(r \ r 

a L + b M + c N + Y^ etCio = a + b + c + e;oV 
i=l J i=l 

Denote by L, M and N the proper transforms of the lines L, M and TV, respectively, on the 
surface S . For each i, denote by Cio the proper transform of the curve Cio on the surface S. 
Then 

r 

K § + a L + b Q M + c N + (a + b + m - 1) E + e^o = /* (K s + 79) . 

i=l 

Recall that ao + £>o + m o = multp (D). 

Lemma 5.3. The inequality multp(T)) = oq + bo + mo ^ 2 holds. 

Proof. It immediately follows from the three inequalities 

1 = L ■ (a L + b M + c N + Q ) = -ao + b + c + L ■ Q ^ -a + b + c + m , 
1 = M ■ (a L + b M + c iV + fi ) = a - &o + c + M • ft > a - &o + c + m , 
1 = N ■ (a L + b M + c iV + ft ) = a + 6 - c + TV • O > a + 6 - c . 

□ 

The log pair 

(5.4) (§, a L + 6 M + c N + (a + b + m - 1) E + ^ eiC^J 

is not log canonical at some point Q on 75. Since multp(T)) = ao + bp + mo ^ 2, it follows from 
Remark 12.51 that the log pair (I5.4p is log canonical at every point of the curve E other than the 
point Q. 
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Let g: S — > S be the contraction of the — 2-curves L and M. Then S is a del Pezzo surface 
of degree 2 with two ordinary double points at the points g(L) and g{M). The linear system 
| — Kg | induces a double cover n: S — > P 2 ramified along an irreducible singular quartic curve 
R C P 2 . 

Lemma 5.5. The point Q on the exceptional curve E belongs to either the — 2-curve L or the 
— 2-curve M. 

Proof. Suppose that the point Q lies on neither L nor M. Put E = g(E), N = g(N) and 
Q = g(Q)- I n addition, we put Cio = g(Cio) for each i. Then ir(E) = -ir(N). The point tt(Q) 
lies outside R since the point Q is a smooth point of the anticanonical divisor E + N on S. 
Since g is an isomorphism in a neighborhood of the point Q, the log pair 

(5.6) ^S, c N +{a + b + m -l)E + Y^ ^io^j 

is not log canonical at the point Q. The divisor cqN + (clq + bo + uiq — 1)E + Y2i=i e iCio is an 
effective anticanonical Q-divisor on the surface S. Hence, we are able to apply Lemma 13.21 to 
the log pair (|5.6p to obtain a contradiction. □ 

From now on we may assume that the point Q is the intersection point of the —2-curve L and 
the —1-curve E without loss of generality. 

Let p: S — » P 2 be the linear projection from the point P. Then p is a generically 2-to-l 
rational map. Thus the map p induces a birational involution Tp of the cubic surface S. The 
involution Tp is classically known as the Geiser involution associated to the point P (see [27]). 

Remark 5.7. By construction, the involution Tp is biregular outside the union L U M U N. In 
fact, one can show that Tp is biregular outside the point P and the line N . Moreover, one can 
show that t p (L) = L and t p (M) = M. 

For each i, put Cn = rp(Cjo) and denote by dn the degree of the curve Ca. We then employ 
new effective Q-divisors 

r 
i=l 

Di = a x L + b\M + ciN + fti, 

where a± = ao, b± = bo and c\ = ao + 6o + m o — 1- Note that ao + bo + m o — 1 > by Lemma [2TT1 
(cf. Lemma |5.1|) . 

Lemma 5.8. The divisor D\ is an effective anticanonical Q-divisor on the surface S. The log 
pair (S, D\) is not log canonical at the intersection point of L and N . 

Proof. Let h: S — > S' be the contraction of the —1-curve N. Then S' is a smooth cubic surface 
in P 3 . Put E' = h(E), V = h(L), M' = h{M), Q' = h{Q) and C' i0 = h(C i0 ) for each i. Then the 
integral divisor L' + M' + E' is an anticanonical divisor of the cubic surface S' . In particular, 
the curves V , M' and E' are coplanar lines on S'. Moreover, the point Q' is the intersection 
point of L' and E' by the assumption right after Lemma 15.51 It does not lie on the line M 1 . 

Let tp be the biregular involution of the surface 3 induced by the double cover ir. Then tp 
induces a biregular involution up of the surface S since the surface S is the minimal resolution 
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of singularities of the surface S. Thus, we have a commutative diagram 

Vp 




This shows rp = fovpof . On the other hand, we have vp{E) = N since irog(E) = 7rog(N). 
This means that there exists an isomorphism a: S — > S' that makes the diagram 




commute. By construction, cr(L) = L', a{M) = M', a(N) = E', and cr(Cn) = C' i0 for every i. 
Recall the point Q' is the intersection point of V and E' . 

Since h is an isomorphism locally around the point Q, the log pair 

(s', a L' + b M' + (oo + b + m -l)E' + J2 e ^ 

is not log canonical at the point Q'. Since a^L + b$M + cqN + (ao + &o + m o — 1) E + 
Ya=i e iCio ~q -Kg, we have a L' + b M' + (a + b + m - 1) E' + £)£ =1 ejC- ~q 
Therefore, it follows that 

r 

a L + 6 M + (a + b + m - 1)N + ^ ei C a ~Q -#S, 

i=l 

and the log pair (S, a^L + b^M + (ao + bo + uiq — 1)N + Ya=i e iCn) is not log canonical at the 
intersection the point of L and N. □ 

Now we are able to replace the original effective Q-divisor D by the new effective Q-divisor 
D\. By Lemma 15.81 both the Q-divisors have the same properties that we have been using so 
far. However, the new Q-divisor Oi is slightly better than the original one Qo in the sense of the 
following lemma. 

Lemma 5.9. The degree of the Q-divisor ill is strictly smaller than the degree of fio> i- e -> 

r r 

} J e-idg < ^ejdiQ. 
i=l i=i 

Proof. Since D\ ~q —Ks by Lemma 15.81 we obtain 

(r \ r 

a L + b M + (ao + b + m - 1)N + ^ aCn = 2a + 2b + m - 1 + ^ ei d a . 
i=i / i=i 

On the other hand, we have ao + &o + Co + X^i=i e i<^o = 3 by (|5.2p . Thus, we obtain 

r r r 

^ e-idn = ^2 eid M - (ao + bo + m -l-c ) e i d iO 

i=l i=l i=l 

because ao + &o + m o — 1 — cq > by Lemma 15.11 □ 
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Repeating this process, we can obtain a sequence of the effective anticanonical Q-divisors 

D k = a k L + b k M + c k N + tt k 

on the surface S such that each log pair (5, D k ) is not log canonical at one of the three intersection 
points L (~1 M, L n N and M n N. Note that 



i=l 

where Ci k s are irreducible reduced curves of degrees di k . We then obtain a strictly decreasing 
sequence of rational numbers 

r r r 

^2 e i d iO > eidil > " ' > e ^ ifc > " ' 
i=l i=l i=l 

by Lemma 15.91 This is a contradiction since the subset 



CiTli 
. i=l 



ni,ri2, ■ ■ ■ ,n r € N > C 



is discrete and bounded below. It completes the proof of Lemma 14. 8 



6. a-FUNCTIONS ON SMOOTH DEL PEZZO SURFACES 

In this section, we prove Theorem 11.251 Let be a smooth del Pezzo surface of degree d. 
Before we proceed, we here make a simple but useful observation. 

Lemma 6.1. Let / : Sd — > S be the blow down of a — 1-curve E on the del Pezzo surface Sd- 
Then 5 is a smooth del Pezzo surface and as d (P) ^ as(f(P)) for a point P of Sd outside the 
curve E. 

Proof. This is obvious. □ 

We already show that the a- function a P 2 of the projective plane is the constant function with 
the value | (see Example II .22[) and the a-function api x pi of the quadric surface is the constant 
function with the value | (see Example II .23j) . 

Lemma 6.2. The a-function on the blow-up Fi of P 2 at one point is the constant function 
with the value |. 

Proof. Let P be a given point on Fi. Let it: ¥\ — > P 1 be the P 1 -bundle morphism onto P 1 . Let 
C be its section with C 2 = — 1 and let Lp be the fiber of the morphism tt over the point n(P). 
Since 2C + 3Lp ~ — K^ 1: we have ap 1 (P) ^ |. But a(Fi) = | by Theorem 11.171 Thus, is 
the constant function with the value ^ by Lemma ll.211 □ 

The surface SV is the blow-up of P 2 at two distinct points Q± and Q2- Let E be the proper 
transform of the line passing through the points Q\ and Q2 by the two-point blow up / : 67 — > P 2 
with the exceptional curves E\ and E2. 

Lemma 6.3. The a-function on the del Pezzo surface SV of degree 7 has the following values 

[1/2 if P E 
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Proof. Let P be a point on S. Then as 7 (P) ^ a(S) = | by Theorem 1 1 . 1 71 and Lemma ll.211 

If the point P belongs to E, then a S7 (P) < ^ since 2Ei + 2E 2 + 3E ~ -K S - Therefore, 
a Sr (P) = |. 

Suppose that the point P lies outside £J. Let L be a line on P 2 whose proper transform by 
the blow up / passes through the point P. Since f*(2L) + E is an effective anticanonical divisor 
passing through the point P, we have as 7 (P) ^ \- 

Let g: S — > P 1 x P 1 be the birational morphism obtained by contracting the — 1-curve E. 
Then this morphism is an isomorphism around the point P. Then as 7 (P) ^ api X fi(g(P)) by 
Lemma 16, 11 Since Qpi x pi is the constant function with the value ^, we obtain as 7 {P) = \- D 

Lemma 6.4. The a-function as 6 on the del Pezzo surface Sq of degree 6 is the constant function 
with the value |. 

Proof. Let P be a given point on the del Pezzo surface S§. One can easily check as 6 {P) ^ \. 
One the other hand, we have a birational morphism h : Sq —> Sj, where Sj is a del Pezzo surface 
of degree 7, such that the morphism h is an isomorphism around the point P and the point 
h(P) is not on the —1-curve of SV connected to two different — 1-curves. Then as 6 (P) ^ \ by 
Lemmas 16.11 and 16.31 □ 



Lemma 6.5. The a-function on a del Pezzo surface S§ of degree 5 has the following values 

1/2 if there is a —1-curve passing through the point P; 
2/3 if there is no —1-curve passing though the point P. 



Proof. Let P be a point on S§. Suppose that P lies on a —1-curve. Then there exists an 
effective anticanonical divisor not reduced at P. Thus, as 5 {P) ^ \. Meanwhile, we have 
| = ot{S^) ^ as s (P) by Lemma ll.211 and Theorem 11.171 Therefore, as 5 (P) = \- 

Suppose that the point P is not contained in any —1-curve. Then there exist exactly five 
irreducible smooth rational curves C\, . . . , C5 passing through the point P with —Kg • Cj = 2 
for each i (cf. the proof of [3 Lemma 5.8]). Moreover, for every Cj, there are four irreducible 
smooth rational curves E\, E\, E\ and E\ such that 3C; + E\ + E\ + E\ + E\ belongs to the 
bi- anticanonical linear system | — 2Kg 5 \ (cf. Remark II. 14p . Therefore, as 5 (P) ^ |. 

Suppose that as 5 (P) < |. Then there is an effective anticanonical Q-divisor D such that 
(S,XD) is not log canonical at the point P for some positive rational number A < |. Then 
multp(-D) > j by Lemma 12. 11 Let /: S4 — > S5 be the blow up of the surface S5 at the point P 
with the exceptional curve E and let D be the proper transform of the divisor D on the surface 
S4. Then the surface S4 is a smooth del Pezzo surface of degree 4. We have 

K Si + XD + (Xmultp(D) - 1) E = f (K Ss + AD) , 

which implies that the log pair (S4, XD + (Amultp(D) — 1)E) is not log canonical. 

On the other hand, the log pair (S^jXD + A(multp(Z?) — 1)E) is log canonical because the 
divisor D + (multp(D) — 1)E is an effective anticanonical Q-divisor of S4 and 0(64) = | by 
Theorem 11.171 However, it is absurd because A(multp(D) — 1) > Amultp(D) — 1. □ 

Lemma 6.6. The a-function on a del Pezzo surface S4 of degree 4 has the following values 
'2/3 if P is on a —1-curve; 

if there is an effective anticanonical divisor that consists of 



3/4 

two 0-curves intersecting tangentially at P; 
k 5/6 otherwise. 
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Proof. Let P be a point on £4. If the point P lies on a — 1-curve L, then there are mutually 
disjoint five — 1-curves E±, . . . ,E^ that intersect L. Let h : £4 — > P 2 be the contraction of all EiS. 
Since h(L) is a conic in P 2 , we see that 3L+Y^i<i<5 Ei is a member in the linear system | — 2Ks A \ 
(cf. Remark |1.14|) . This means that as 4 (P) ^ §• Therefore, «5 4 (P) = | since 0(54) ^ as 4 (P) 
by Lemma 11.211 and 0(84) = | by Theorem 1 1.1 71 

Suppose that the point P does not lie on a —1-curve. Put u = | in the case when there is an 
effective anticanonical divisor that consists of two 0-curves intersecting tangentially at the point 
P and put oj = | otherwise. 

One can easily find an effective anticanonical divisor F on the surface £4 such that (£4, XF) 
is not log canonical at the point P for every positive rational number A > oj (see |32[ Proposi- 
tion 3.2]). This shows that as 4 (P) ^ 10. Moreover, it is easy to check that the log pair (S^uC) 
is log canonical at the point P for each C £ | — Ks A \- 

Suppose as 4 (P) < oj. Then there is an effective anticanonical Q-divisor D such that (S,ljD) 
is not log canonical at the point P. Note that there are only finitely many effective anticanon- 
ical divisors C\, . . . ,Cf. such that each (£4,Cj) is not log canonical at the point P. Applying 
Lemma 12.21 we may assume that for each i at least one irreducible component of Supp(Cj) is 
not contained in the support of D. 

Let / : £3 — > £4 be the blow up of the surface £4 at the point P with the exceptional curve E 
and let D be the proper transform of the divisor D on the surface £3. Then £3 is a smooth cubic 
surface in P 3 and the curve E is a line in £3. Moreover, the log pair (£3, D + (multp(D) — 1)E) 
is not log canonical at some point Q on E because the log pair (£4,!)) is not log canonical at 
the point P. 

Let Tq be the tangent hyperplane section of the cubic surface £3 at the point Q. Note that 
the divisor Tq contains the line E. Since D + (multp(D) — 1)E is an effective anticanonical 
Q-divisor on £3, it follows from Corollary 11.131 that the log pair (£3,Tq) is not log canonical 
at the point Q and the support of D contains all the irreducible components of Tq. In fact, it 
follows that the divisor Tq is either a union of three lines meeting at the point Q or a union 
of a line and a conic intersecting tangentially at the point Q. The divisor /(Tq) is an effective 
anticanonical divisor on £4 such that the log pair (£4, /(Tq)) is not log canonical at the point P. 
This contradicts our assumption since the support of D contains all the irreducible components 



Consequently, Theorem 11.251 follows from Examples 11.221 and 11.231 and Lemmas 16.21 16.31 16.41 
1631 and 1531 



This appendix is devoted to the proof of Lemma fl. 101 

Let £ be a smooth del Pezzo surface of degree at most 4. Suppose that £ contains a (— K$)- 
polar cylinder, i.e. there is an open affine subset U C £ and an effective anticanonical Q-divisor 
D such that U = S \ Supp(D) and U = Z x A 1 for some smooth rational affine curve Z. Put 
D = Yll=i a iDi, where each Di is an irreducible reduced curve and each a% is a positive rational 
number. 

Lemma A.l ( |22[ Lemma 4.6]). The number of the irreducible components of the divisor D 
is not smaller than the rank of the Picard group of £, i.e., r ^ rkPic(£) = 10 — Kg ^ 6. 

Proof. This immediately follows from the exact sequence 



of the divisor /(Tq). 



□ 



Appendix A. 



r 



0Z[A] — ► Pic(S) — ► Pic(?7) — > 



since Pic(C/) = 0. 



□ 
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To prove Lemma ll.lO| we must show that there exists a point P € S such that 

• the log pair (S, D) is not log canonical at the point P; 

• if there exists a unique divisor T in the anticanonical linear system | — Kg\ such that the 
log pair (S, T) is not log canonical at the point P, then there is an effective anticanonical 
Q-divisor D' on the surface S such that 

— the log pair (S, D') is not log canonical at the point P; 

— the support of D' does not contain at least one irreducible component of the support 
of the divisor T. 

The natural projection U = Z x A 1 — s> Z induces a rational map 7r: S — » P 1 given by a pencil 
C on the surface S. Then either C is base-point-free or its base locus consists of a single point. 

Lemma A. 2 ( \12\ Lemma 4.4]). The pencil C is not base-point-free. 

Proof. Suppose that the pencil C is base-point-free. Then tt is a morphism, which implies that 
there exists exactly one irreducible component of Supp(D) that does not lie in a fiber of tt. 
Moreover, this component is a section. Without loss of generality, we may assume that this 
component is D r . Let L be a sufficiently general curve in C Then 

r 

2 = -K S ■ L = D ■ L = ^ a i D i ■ L = a r D r ' L, 

i=l 

and hence a r = 2. It implies a(S) \- However, it contradicts Theorem 11.171 since the degree 
of the surface S is at most 4. □ 

Denote the unique base point of the pencil £ by P. Let us show that the point P is the point 
we are looking for. Resolving the base locus of the pencil C, we obtain a commutative diagram 



S 




where / is a composition of blow ups at smooth points over the point P and g is a morphism 
whose general fiber is a smooth rational curve. Denote by E±, . . . , E n the exceptional curves of 
the birational morphism /. Then there exists exactly one curve among them that does not lie 
in the fibers of the morphism g. Without loss of generality, we may assume that this curve is 
E n . Then E n is a section of the morphism g. 

For every Di, denote by Di its proper transform on the surface W. Then every curve Di lies 
in a fiber of the morphism g. 

Lemma A. 3. For every effective anticanonical Q-divisor H with Supp(if) C Supp(D), the log 
pair (S, H) is not log canonical at the point P. 

Proof. Write H = ^i=i e «Aj, where each ej is a non-negative rational number and each Aj is 
an irreducible reduced curve. Denote by Aj the proper transform of Aj on the surface W for 
each i and put H = Yli=i e i^i- Then 

n n 

K w + H = f*(K S + H) +J2 S i E i ~®J2 5iEi 

i=l i=l 

for some rational numbers 5\, . . . , S n . For a sufficiently general fiber L of the morphism g, 

r n 

-2 = K w ■ L = K w ■ L + ^ £iAj ■L = ^2s i E i -L = S n , 

i=l i=l 
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because E n is a section of the morphism g, every curve Aj lies in a fiber of the morphism g and 
every curve Ei with i < n also lies in a fiber of the morphism g. Hence, the log pair (S, H) is 
not log canonical at the point P. □ 

Applying Lemma IA.3I to (S,D), we see that the log pair (S,D) is not log canonical at P. 
Thus, if there exists no anticanonical divisor T such that (S, T) is not log canonical at P, then 
we are done. Hence, to complete the proof of Lemma ll. 101 we assume that there exists a unique 
divisor T G | — K$\ such that (S,T) is not log canonical at P. Then Lemma 1 1 . 1 1 follows from 
the lemma below. 

Lemma A. 4. There exists an effective anticanonical anticanonical Q-divisor D' on S such that 
the log pair (S, D 1 ) is not log canonical at the point P and Supp(D') does not contain at least 
one irreducible component of Supp(T). 

Proof. If Supp(-D) does not contain at least one irreducible component of Supp(T), then we 
can simply put D = D'. Suppose that it is not the case, i.e., we have Supp(T) C Supp(Z?). 
Then T ^ D. Indeed, the number of the irreducible components of Supp(D) is at least 6 by 
Lemma IA.1I On the other hand, the number of the irreducible components of Supp(T) is at 
most 4 because —Kg ■ T = K$ and —Kg is ample. 

Since T ^ D, there exists a positive rational number [i such that the Q-divisor (1 + [i)D — jiT 
is effective and its support does not contain at least one irreducible component of Supp(T). Put 
D' = (1 + fJ-)D — fJ'T. Note that D 1 is also an effective anticanonical Q-divisor on S. By our 
construction, Supp(-D') C Supp(D). Thus, the log pair (S,D') is not log canonical at the point 
P by Lemma lA.31 This completes the proof. □ 

Note that U ^ .S \ Supp(-D'), which implies that the number of the irreducible components of 
Supp(-D') may be less than rkPic(S'). Because of this, we can apply Lemma 12.21 only once here. 
This shows that we really need to use the uniqueness of the divisor T in the anticanonical linear 
system | — Kg\ such that {S, T) is not log canonical at P in the proof of Lemma IA.4I Indeed, if 
there is another divisor T 1 in | — Kg\ such that (S,T') is not log canonical at P either, then we 
would not be able to apply Lemma 12.21 since we may have D' = T' . 
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